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1. INTRODUCTION
In this paper, in a Banach space X, ordered by a cone K, we study the
global structure of a set of solutions for the equation
x s f l, x , 1Ž . Ž .
w xwhere f : 0, ‘ = K “ K is a completely continuous operator.
If operator f is differentiable at 0 or asymptotically linear then the
Ž .existence of a unbounded subcontinuum of the solution set Ý s l, x : x
Ž .4 Ž .s f l, x of 1 can be studied by general results of Rabinnowitz, Dancer,
w xAmann and others 1, 3 . In our work, considered operators are not
required to be differentiable and instead of the set Ý we will study its
projection on X :
S s x : l, x g Ý for some l G 0 . 2 4Ž . Ž .
Ž . Ž . w xFor the case f l, x s l f x Krasnosel'skii proved in 5 that, the set S
is continuous in a sense which will be made precise. Some global results on
w xS are established also in 1, 2 . In the present paper, we will prove that, the
set S is an unbounded continuous branch in the sense of Krasnosel'skii for
two cases. In the first case, operator f has some monotone minorant, in
the second case, f is Hammerstein type and a priori estimate for solutions
is presupposed. Obtained abstract results will be applied to show the
existence of a global continua of periodic solutions for the autonomous
Y Ž X.differential equation x q f x, x s 0.
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2. ABSTRACT RESULTS
ŽLet X be a real Banach space and K be a cone in X i.e., K is a closed
Ž .  4.convex subset such that tK ; K for t G 0 and K l yK s 0 . We
define a linear ordering in X by x F y iff y y x g K and call elements in
K positive. Cone K is said to be normal if there exists a constant N ) 0
5 5 5 5such that 0 F x F y implies x F N ? y .
Ž .To study global structure of the set S, defined in 2 , Krasnosel'skii
introduced the following definition.
DEFINITION. We say that the S is a unbounded continuous branch
emanating from 0, if S l › G / B for every bounded open subset G 2 0.
Ž .To prove the solvability of equation 1 in K l › G for bounded open
subset G we shall apply the fixed point index of the compact field i y f
w xover G with respect to K 1, 6 . This index is defined if the completely
Ž .continuous operator f : K l G “ K satisfies x y f x / 0 for x g K l › G
Ž .and denoted by ind i y f , G, K . In the next lemma we state the calcula-
tion of index for two simple, but important cases.
LEMMA. Let G be a bounded open neighborhood of zero. Then
Ž .1. ind i y f , G, K s 1 if
H tx / f x for x g K l › G and t G 1.Ž . Ž .1
Ž .2. ind i y f , G, K s 0 if
 4H there exists an element u g K _ 0 such that x / f x q tu forŽ . Ž .2
x g K l › G and t G 0.
Ž .First we study equation 1 , when f has a monotone minorant. We say
Ž .that operator g : K “ K is a monotone minorant for operator f l, x if
Ž . Ž . w .f l, x G g l x on 0, ‘ = K and g is increasing in the sense that
Ž . Ž .0 F x F y implies g x F g y .
w .THEOREM 1. Suppose that operator f : 0, ‘ = K “ K is completely con-
tinuous and that
Ž .  41. tx s f 0, x , x g K _ 0 implies t - 1;
2. the cone K is normal, the operator f has a monotone minorant g
 4satisfying for some a ) 0, b ) 0 and u g K _ 0
Ž . Ž . w xa g tu G atu for t g 0, b ;
Ž . 5 Ž .5b lim g tu s ‘.t “‘
Then the set S is bounded continuous, emanating from 0.
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Proof. Let G be an arbitrary bounded open neighborhood of zero and
Ž . Ž . Ž .f l, x s f l, x q lurn . It is easily seen that for every integer n,n
Ž . Ž .operator f 0, ? satisfies the condition H in the lemma, and operatorn 1
Ž . Ž .f l, ? satisfies the condition H if l is sufficiently large. Consequently,n 2
Ž . Ž .there are x g K l › G, l ) 0 such that x s f l , x q l urn . Ton n n n n n
Ž .prove the existence of a solution for 1 on K l › G we need to show that
 4sequence l is bounded.n
Let t be the maximal number such that x G t u. Then t ) 0 andn n n n
since g is increasing, we have
x G g l x G g l t u . 3Ž . Ž . Ž .n n n n n
Ž .For the integers n such that l t F b we have from conditions 2 a andn n
Ž .3 that x G al t u. Then, by definition of t we get al t F t , so thatn n n n n n n
Ž . Ž .l F 1ra. For such n that l t ) b we have from conditions 2 a and 3n n n
that
x G g bu G abu,Ž .n
Ž . Ž .which in combining with the first inequality in 3 gives x G g l abu .n n
Hence, the numbers l for such n are uniformly bounded by normality ofn
 4 Ž .K, boundedness of x and condition 2 b .n
Theorem is proved.
w xRemark. Theorem 1 extends a result of Amann 1 , where monotone
Ž xminorant g is positively homogeneous of degree s g 0, 1 . It is closely
w xrelated to a Bahtin's result 2 , where a condition on eigenvalues of
Ž .operator f l, ? for large l has been presupposed instead of condition
Ž .2 b .
Ž .Now we consider the situation, when operator f in 1 is of the
Ž 5 5. Ž 5 5 .Hammerstein type. Given Banach spaces X, ? , Y, ? and conesY
Ž 5 5.K ; X, K ; Y such that X ; Y, K ; X l K and embedding X, ?Y Y
Ž 5 5 . Ž . Ž .¤ Y, ? is continuous. Suppose f l, x s A( F l, x , where the oper-Y
w .ator F: 0, ‘ = K “ K is continuous and maps each bounded subset intoY
a bounded subset, the operator A: Y “ X is linear compact satisfying
Ž .A K ; K.Y
THEOREM 2. Assume that the following hypotheses are satisfied
Ž .  41. tx s A( F 0, x , x g K _ 0 implies t - 1;
2. there exist positi¤e numbers a, b, c and a linear function L: Y “ R,
non-negati¤e and not identical ¤anishes on K such that
Ž . Ž . Ž . Ž . 5 5a L Ax G aL x , L ax G a ? Ax for x g K ,Y Y
Ž . Ž Ž .. Ž .b L F l, x G blL x y c for x g K,
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Ž . Ž . w x w .c e¤ery solution t, l, x g 0, 1 = 0, ‘ = K of the equation
x s tA( F l, x q 1 y t bl A x 4Ž . Ž . Ž . Ž .
satisfies the following estimate
5 5 5 5x F h l, x , 5Ž . Ž .Y
Ž .where the function h x, t is increasing on the second ¤ariable and
c
lim h l, s 0. 6Ž .ž /abl y 1l“‘
Then the set S is unbounded continuous in X, emanating from 0.
Proof. Let G be a bounded open neighborhood of zero. In the follow-
Ž .ing arguments, number l will be assumed sufficiently large. Rewriting 4
w Ž . Ž . xas x s A tF l, x q 1 y t bl x and applying the functional L to both
Ž . Ž .sides of the last equality we have from 2 a , 2 b that
L x G aL tF l, x q 1 y t bl x G a blL x y c , 7Ž . Ž . Ž . Ž . Ž .Ž . Ž .
5 5L x G a A tF l, x q 1 y t bl x s a ? x . 8Ž . Ž . Ž . Ž .YY
Ž . Ž .It follows from 7 , 8 that
c
5 5x F 9Ž .Y abl y 1
Ž .which in combining with 5 gives
c
5 5x F h l, .ž /abl y 1
5 5 4 Ž .Since inf x : x g K l › G ) 0 and 6 , the last inequality show that
Ž . w xthe equation 4 has no solution on K l › G for t g 0, 1 and l is large.
Ž .Therefore, the compact fields i y A( F l, ? and i y bl A are homotopy
on K l › G if l is large.
Now we shall prove that if l is large and u g K is chosen such that
Ž .L u ) 0, then
x s bl Ax q su , x g K l › G 10Ž .
Ž .implies s - 0. In fact, since 4 has no solution on K l › G for t s 0 then
Ž . Ž . Ž .10 implies s / 0. By applying L to 10 and arguing as in 7 we obtain
Ž . Ž . Ž .1 y ab L x G sL u , hence s - 0.
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Thus, we have by lemma
ind i y A( F 0, ? , G, K s 1Ž .Ž .
ind i y A( F l, ? , G, K s ind i y bl A , G, K s 0 for large l.Ž . Ž .Ž .
Ž .Therefore, x s A( F l, x for some x g K l › G and l ) 0. Theorem
is proved.
Remark.
Ž . w x1. Condition 2 a in Theorem 2 was introduced by Klimov 4 to
prove the existence of nontrivial positive solution for the equation, non-
contained in the parameter.
Ž .2. If the limit in 6 is equal to r / 0 then under hypotheses of
Theorem 2 we have S l › G / B for each bounded open subset G >
Ž .B 0, R , R ) r.
3. APPLICATION
As an application of the abstract results in Sect. 2 we shall prove the
existence of a global continua of periodic solutions for the following
autonomous differential equation, arising in celestial mechanics
xY q f x , xX s 0. 11Ž . Ž .
Ž .Theorems 1 and 2 apply to the study 11 allowing to improve some results
Ž . w x w xon 11 of Krasnosel'skii 5 and Bahtin 2 .
If continuous function f : R2 “ R is odd on x and even on xX then the
Ž . w xexistence of 2v-periodic solution of 11 can be reduced 5 to the
w xexistence of a positive solution on 0, 1 for the following boundary value
problem:
1
Y X2x q v f x , x s 0 in 0, 1 , x 0 s x 1 s 0. 12Ž . Ž . Ž . Ž .ž /v
Ž .Instead of solving problem 12 we shall study its equivalent form as the
following:
xY q f v 2 x , v xX s 0 in 0, 1 , x 0 s x 1 s 0.Ž . Ž . Ž . Ž .
The last boundary value problem can be reduced to the equation of the
Hammerstein type
1 X2x t s G t , s ? f v x s , v x s ds [ A( F l, x , 13Ž . Ž . Ž . Ž . Ž . Ž .H
0
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2 Ž .Ž . w Ž . 1r2 XŽ .xwhere l s v , F l, x t s f l x t , l x t ,
1
Ax t s G t , s x s ds,Ž . Ž . Ž .H
0
Ž . Ž . Ž . Ž .and G t, s s s 1 y t for 0 F s F t F 1, G t, s s t 1 y s for 0 F t F s
F 1.
Let C and C1, respectively, be the Banach spaces of all continuous and
w xcontinuously differentiable functions on 0, 1 , vanishing at 0 and 1, with
the norms
X
15 5 5 5 5 5x s max x t : 0 F t F 1 x s x . 4Ž .C C C
Ž X.THEOREM 3. Assume that continuous function f x, x is odd on x, e¤en
X Ž X. Ž . Ž X.on x and f x, x G h x for x, x g R = R, where the function h:q
R “ R is continuous, increasing and satisfiesq q
h xŽ .
lim inf ) 0, lim h x s ‘.Ž .
x x“‘x“0
Ž . 1Then the set S of positi¤e solutions for 13 is unbounded continuous in C ,
emanating from 0.
Proof. We will apply Theorem 1 with X s C1, K is the cone of x g C1
such that
X 1w xx t s x 1 y t on 0, 1 , x t G 0 on 0, .Ž . Ž . Ž . 2
Clearly, cone K is normal. Taking in view the properties of f and that
Ž . Ž .G 1 y t, s s G t, 1 y s one can easily show that operator A( F maps
w . Ž .0, ‘ = K into K. Condition 2 in Theorem 1 is satisfied for u t s sin p t,
Ž . w Ž Ž ..xg x s A h x t .
Ž X.THEOREM 4. Assume that continuous function f x, x is odd on x and
X Ž X. Ž X.e¤en on x , f x, x G 0 for x, x g R = R and satisfiesq
rX X X< <a x y b F f x , x F a x 1 q x for x , x g R = R,Ž . Ž . Ž . Ž .. q
Ž .where a ) 0, b ) 0, r g 0, 2 , a: R “ R is continuous.q q
Ž .Then the set S of positi¤e solutions for 13 is unbounded continuous,
emanating from 0.
Proof. We will apply Theorem 2 with X s C1, Y s C, K, Ky be the
cones of all non-negative functions in C1 and C, respectively.
We observe that if y is a non-negative continuous concave function on
w x Ž . Ž . 5 5 Ž .0, 1 satisfying y 0 s y 1 s 0 and if y s y t thenY 0
t 1 y t
w x w xy t G y t for t g 0, t , y t G y t for t g t , 1 .Ž . Ž . Ž . Ž .0 0 0 0t 1 y t0 0
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Ž . Ž .5 5From these inequalities one can easily prove y t G 1rp y sin p tY
w xon 0, 1 .
Since for x g K the function Ax is concave, vanishing at 0 and 1, weY
Ž . Ž .5 5have Ax t G 1rp Ax sin p t. Choosing L to be the functionalY
1
L x s x t sin p t dtŽ . Ž .H
0
Ž . Ž 2 .and taking in view that G is symmetric and A sin p t s 1rp sin p t we
get
1 1
5 5L Ax s L x , L Ax G L sin p t ? Ax .Ž . Ž . Ž . Ž . Y2 pp
Ž . Ž .Hence, condition 2 a in Theorem 2 holds. Condition 2 b of Theorem 2
easily follows from lower restriction for f. It remains to establish a priori
Ž . Ž .estimate for solutions of equations 4 , which in terms of 13 is as follows:
yxY s tf l x , l1r2 x q 1 y t al x . 14Ž . Ž . Ž .
In the following we will denote by m the different numbers, not
w x Ž .depending on l, x and t g 0, 1 . Inequality 9 in the proof of Theorem 2
Ž .shows that solutions of 14 satisfy
5 5l x F m. 15Ž .C
Ž .From 15 , the upper restriction for f and the well-known inequality
5 X 5 2 5 5 5 Y 5x F m x ? x , 16Ž .C C C
Ž .we obtain for solution x of 14
5 Y 5 rr2 5 X 5 r 5 Y 5 rr2x F m 1 q l ? x F m 1 q x .Ž . Ž .C C C
5 Y 5 Ž .Since r - 2 we get x F m. Repeatedly applying 16 we have theC
5 5 5 X 5 5 51r2 Ž .necessary estimate x s x F m ? x . Hence, the function h in 5C Y
Ž . 1r2can choose h t s mt . Theorem is proved.
Remark.
1. Roughly speaking, in Theorem 3 the function f is sublinear on x,
while in Theorem 4, f is superlinear on x.
Ž .2. The methods of studying in Sect. 3 for the scalar equation 11 can
be applied to the case of this system.
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